This paper describes an approach for accomplishing sub-octave wavelet analysis and its discrete implementation for noise reduction and feature enhancement. Sub-octave wavelet transforms allow us to more closely characterize features within distinct frequency bands. By dividing each octave into sub-octave components, we demonstrate a superior ability to capture transient activities in a signal or image more reliably. De-Noising and enhancement are accomplished through techniques of minimizing noise energy and nonlinear processing of transform coefficient energy by gain.
INTRODUCTION
Orthonormal wavelet transforms (OWT) and discrete dyadic wavelet transforms (DWT) have been successful in the analysis of many non-stationary signals. '6 In an earlier study, both OWT and DWT were investigated and compared for de-noising and contrast enhancement A DWT designed with a wavelet as the first order derivative of a smoothing function can characterize feature energy from noise energy. ' 8 The separation is used to identify wavelet coefficients to modify in order to enhance specific features of interest (FOl) without amplifying noise. The mother wavelet selected was a smooth and antisymmetric function with few oscillations, which kept de-noising under a DWT less affected from pseudo-Gibbs phenomenon. Such artifacts were evident under an OWT9"° compared to similar de-noising results obtained under a DWT. 7 The discrete filters used to compute the DWT had compact support requiring few taps. DWT wavelet coefficients have a clear meaning for analysis in that they are proportional to the image intensity changes (gradients). We show that salient features, such as edges or object boundaries, can be distinguished in a multiscale time-frequency representation of wavelets. By properly modifying signal and noise energy, we can achieve distinct noise reduction and feature enhancement for specific imaging modalities.
A framework for multiscale wavelet analysis was previously implemented for contrast enhancement with noise suppression.11"2 In this paper, we address both signal or image restoration and enhancement problems via methods of wavelet shrinkage and feature emphasis. Our approach takes advantage of both soft thresholding and hard thresholding wavelet shrinkage techniques to eliminate noise while preserving the sharpness of prominent features. It also incorporates local energy gain for nonlinear processing to enhance contrast within structures and along object boundaries. 8 We suggest that a DWT has a limited ability to characterize features, such as texture, and subtle features of importance in mammographic images. The traditional DWT is an octave-based transform where scales increase as powers of two. 5 We suggest that the best representation of a signal's details may exist between two consecutive levels of scale within a DWT. To more reliably isolate noise and identify features through scale space, we use a sub-octave wavelet transform (SWT), which is a generalization of the DWT. A sub-octave wavelet transform provides a means to represent details within sub-octave frequency bands of equally-spaced divisions within each octave hand. The theoretical development of a sub-octave wavelet transform and its efficient implementation is described below.
2 SUB-OCTAVE WAVELET TRANSFORM The reconstruction wavelets 7m() can be any function whose Fourier transform satisfies the above equation. There are, in fact, many choices for the decomposition and reconstruction wavelets that satisfy Equation 2. A 1-D sub-octave wavelet transform can be easily extended to a 2-D sub-octave transform by computing sub-octave wavelet coefficients along horizontal and vertical directions, as explained in the following section. Extensions to higher dimensions are analogous. 
Discrete sub-octave wavelet transform
The transform parameters in a sub-octave wavelet transform are continuous variables. This results in a highly redundant representation. It is possible to discretize these parameters and still be able to achieve perfect reconstruction.13 For digital image processing, the sub-octave wavelet transform of a discrete function can be carried out through uniform sampling of a continuous sub-octave wavelet transform. Below. we describe the discrete formulation of a sub-octave wavelet transform.
One-Dimensional discrete sub-octave wavelet transform
In the discrete domain, we are limited by the finest scale of 1. In general, a discrete function can be decomposed into fine-to-coarse scales. We let { WJf(xn), Sjf(x) I n Z, j = 1, 2, ..., J, and in = 1, 2 M} be the wavelet representation of a discrete function f(x) under a J-level discrete M-sub-octave wavelet transform. and scaling approximation Sj f(x ) are uniform samplings of their continuous counterparts respectively.
To perform a SWT decomposition and reconstruction, we designed FIR filters (H, Gm, and Ktm) which
m=1
A three-level M-sub-octave wavelet decomposition and reconstruction process is shown in Figure 1 . The corresponding division of frequency bands is provided in Figure 2 . In general, for M-sub-octave analysis and synthesis of a SWT, we need M pairs of decomposition and reconstruction basis wavelets. A SWT is a multiwavelet transform with a single scaling function.'4"5 When M is a power of 2, we can carry out the decomposition and reconstruction using a set of FIR filters corresponding to a single pair of basis wavelets through frequency band splitting techniques as shown by Daubechies.2 Figure 3 presents a 2-level 4-sub-octave decomposition and reconstruction of a SWT using FIR filters corresponding to a single pair of basis wavelets.
.2 Two-Dimensional discrete sub-octave wavelet transform
For the decomposition of a 2-D discrete function, we let { WJ'mf(x, yv), Sjf(x, Yv) I t V E Z, 1, 2, j 1, . ., J, and in = 1, .., M } be the wavelet representation of a discrete function f(x , Yv ) under a 2-D J-level discrete M-sub-octave wavelet transform. In general, ç(x, y) is a 2-D scaling function and ) and 7zm( i,,) are the rn-tb directional analysis and synthesis wavelets. Similar to the way 2-D wavelets are constructed using 1-D wavelets,5 we used tensor products to construct 2-D sub-octave wavelets using 1-D sub-octave wavelets. Thus we can write lm(23 2'w) = m(2JW)S(23lw), (6) 2m(2J 23w) = b(22_lW)bm(23W), (7) (2'r,2y) = (2iw,)(2iw). (8) Through this construction of 2-D wavelets, we implemented a 2-D sub-octave wavelet transform using 1-D convolution with FIR filters. Figure 4 shows the division of the frequency plane under a 2-level SWT. A 2-D suboctave wavelet transform was implemented by applying 1-D FIR filters along horizontal and vertical directions.
A dyadic wavelet transform can be a special case of a sub-octave wavelet transform with M = 1. As an example, a discrete 2-sub-octave wavelet transform is shown to divide the details of an octave band into details of 2 sub-octave bands. As shown in Figure 5 , one sub-octave can be used for detecting local maxima while the other f(x) = g(x) + lla(X), (9) where g(x) is some unknown function. The function f(x) is a noisy observation of g(x), ia(X) 5 additive noise, and x is a vector of spatial locations or temporal samples.
For additive noise, there are existing techniques based on mean squared error or methods of 11norm optimization to remove noise, such as Donoho's wavelet shrinkage techniques,9'16'17 Chen and Donoho's basis pursuit denoising,'8 Mallat's local-maxima-based method for removing white noise,6 and wavelet packet-based de-noising. 19 By incorporating a de-noising mechanism into a feature enhancement process, we seek to enhance contrast without amplifying noise. In this section we demonstrate that subtle features barely seen or invisible in a mammogram, such as microcalcification clusters, spicular lesions, and circular (arterial) calcifications, can be enhanced via sub-octave wavelet analysis. Since our algorithm treats noise and features independently, superior results were obtained compared to existing algorithms designed for enhancement alone.
Below, a de-noising and contrast enhancement scheme based on wavelet shrinkage and feature emphasis is presented. In our investigation, we studied hard thresholding and Donoho's soft thresholding wavelet shrinkage16 for noise reduction. In our approach for accomplishing de-noising and feature enhancement, we took advantage of both thresholding methods. Donoho's soft thresholding method'6 was developed for an orthonormal wavelet transform' primarily with Daubechies's Symmlet 8 basis wavelet. These results showed some undesired sideeffects, from pseudo-Gibbs phenomenon.'° By using a SWT and basis wavelets with fewer oscillations, a result relatively free from side-effects after de-noising was observed. Our experiments showed that a SWT with first and second order derivative approximations of a smoothing function as its basis wavelets separated coefficients characterized by feature energy from coefficients characterized by noise energy. In this algorithm, we adopted regularized soft thresholding wavelet shrinkage to remove noise energy within the finer levels of scale. We then applied to wavelet coefficients within the selected levels of analysis a nonlinear gain with hard thresholding to preserve features while removing small noise perturbations.
Wavelet shrinkage by soft thresholding
Soft thresholding'6 can be described by u(x) = Ts(v(x),t) = sign(v(x)) (Iv(x)l -t), (10) where threshold t is proportional to the noise level and x E D where D is the domain of v(x), and u(x) is the result of soft thresholding and has the same sign as v(x) if non-zero. The expression (lv(x)I -t)+ is defined as SWT coefficients were processed for noise reduction by 7Zlfl*f() = Ts(W]'mf(x),t), (11) where i = {1, 2} (omitted for 1-D signals), j = {1, ..., k}, k < J, in = {1 M}, and is a noise and scalerelated threshold. The result W]m*f(x) is a modified coefficient. Recall that Donoho's soft thresholding method used a single global threshold. However, since noise coefficients under a SWT have average decay through fineto-coarse scales, we regulated soft thresholding wavelet shrinkage by applying coefficient-dependent thresholds decreasing across scales.
Coefficient shrinkage by hard thresholding
A hard thresholding operation can be expressed as u(x) = TH(V(X),t) = v(x)((v(x) t), (12) where t is a threshold value, x E D, the domain of v(x), and u(x) is the result of hard thresholding and has the same sign as v(x) if non-zero. The meaning of (v(x)I t) is defined by the expression
Sub-octave wavelet coefficients were modified by hard thresholding for noise reduction by yrn*f() = TH(W]'mf(x),t), (13) where i = {1, 2} (omitted for 1-D signals), j = {1, ..., k}, and k < J, in = {1, ..., M}, and t is (in general) a threshold related to noise and scale. Again, the output result T/T/7m*f(x) is a processed coefficient. shows a functional diagram of normalized soft and hard thresholding. When features and noise can be clearly separated at the finer levels of scale, applying hard thresholding instead of soft thresholding may further improve performance.
Feature emphasis by generalized adaptive gain
Recently, several wavelet-based enhancement techniques have been developed.2023 Adaptive gain through nonlinear processing22'24 has been successfully used to enhance features in digital mammograms. Here, adaptive gain through nonlinear processing is further generalized to incorporate hard thresholding in order to avoid amplifying noise and remove small noise perturbations. The generalized adaptive gain (GAG) nonlinear operator is defined as
I V otherwise, gain values and local windows of energy, we can achieve 'focused" enhancement effects. Through this nonlinear operator, SWT coefficients were modified for feature enhancement by (17) 
im im 2i =max(W2 f(x,y)l),
x,y where i = {1, 2}, 1 <m < lvi, and 1 <j < J Wm*f(x, y) is a processed coefficient. Figure 7 shows a functional diagram of the generalized adaptive gain operator, at selected threshold values.
EXPERIMENTAL RESULTS AND ANALYSIS
First we present experimental results based on a 1-D sub-octave wavelet transform. This is used to show the de-noising capability with restored features compared to existing de-noising methods. Experimental results of SWT-based de-noising are shown in Figure 8 . In the fourth plot shown in Figures 8(a)-(d) . the de-noised results are overlaid with their corresponding originals. In comparison to previously published methods processing the same signals,'° the results of the SWT-based method are noticeably improved and relatively free from artifacts.
The experimental results of enhancement with noise suppression of mammographic images via a 2-D sub-octave wavelet transform are also presented. This demonstrates the advantage of enhancement without amplifying noise, including background noise.22 Figure 9 (a) shows a region from a low contrast mammographic image containing a microcalcification cluster. Enhancement by traditional unsharp masking is presented in Figure 9 (b). Figure  9 (c) shows the result of SWT-based enhancement with noise suppression. Traditional unsharp masking shown in Figure 9 (b) enhances the area of the microcalcification cluster but also amplifies noise. As shown in Figure  9 (c), enhancement under a SWT makes barely seen microcalcification clusters more visible without amplifying noise. A global enhancement result is shown in Figure 10 . Figure 10 (a) is a mammogram with dense tissues and a spicular mass (1.5cm). The enhanced image is shown in Figure 10 (b).
CONCLUSIONS
To more reliably isolate noise and identify features through scale space, we formulated and carried out suboctave wavelet analysis. A sub-octave wavelet transform exhibited better time-frequency resolution than a traditional dyadic wavelet transform. If the number of sub-octave bands in each octave is a power of 2. we showed that a sub-octave wavelet transform of a function can be implemented by a set of FIR filters corresponding to a single pair of analysis and synthesis wavelets. FIR filters for a class of wavelets designed for a DWT were used to implement sub-octave wavelet analysis. A wavelet shrinkage scheme for noise suppression was presented and a generalization of adaptive gain processing was described to enhance features of importance to mammography without amplifying noise.
